In this paper, we introduce the notion of weak excellent extensions of rings as a generalization of that of excellent extensions of rings.
Introduction
In studying the algebraic structure of group rings, Passman introduced in [26] the notion of the excellent extensions of rings, which was named in [8] . Such extensions of rings are vital since they include two important classes of extensions of rings, that is, finite matrix rings and skew group rings Λ * G where the finite group G satisfies the condition |G| −1 ∈ Λ (see Example 2.2 below for the details). Many authors have studied the invariant properties of rings under excellent extensions [8, 15, 23, 25, 26, 29, 33] . It has been known that many important homological properties, such as the (weak) global dimension of rings, the projectivity, injectivity and flatness of modules and so on, are invariant under excellent extensions [23, 29] .
Recall that an Artinian algebra Λ is said to be of finite representation type if there exist only finitely many isomorphism classes of finitely generated indecomposable Λ-modules. It is well known that determining the representation type of algebras is fundamental and important in representation theory of Artinian algebras. Auslander proved in [2] that there exists a bijective correspondence between the Morita equivalent classes of Artinian algebras of finite representation type and that of Artinian algebras with global dimension at most 2 and with dominant dimension at least 2. Motivated by this correspondence, Auslander introduced the notion of the representation dimension of Artinian algebras, and proved that an Artinian algebra is of finite representation type if and only if its representation dimension is at most 2. In this sense, the representation dimension of an Artinian algebra is regarded as a trial to give a reasonable way of measuring homologically how far an Artinian algebra is from being of finite representation type. Recently, the interest in the representation dimension was revived, and many interesting connections were established with different problems in representation theory, as well as with other areas (see [1, 14, 16, 18, 19, 28, [30] [31] [32] for the details). In particular, Iyama proved in [19] that the representation dimension of any Artinian algebra is finite, and Rouquier proved in [28] that the representation dimension of the exterior algebra n K is n + 1. However, in general, it is quite hard to compute the representation dimension or even to control it. One possible method is to study the relationship between the representation dimensions of "nicely" related algebras. For instance, Guo proved in [16] that the representation dimension of an Artinian algebra is invariant under stable equivalences.
As an analogy of Artinian algebras of finite representation type, recall that an Artinian algebra Λ is called CM-finite if there exist only finitely many isomorphism classes of finitely generated indecomposable Gorenstein projective Λ-modules. This notion was introduced by Beligiannis in [6] . Since then CM-finite Artinian algebras have attracted considerable attentions [6, 7, 9, 21, 22] .
In this paper, we will study the invariance of the representation type, the CM-finite type and the representation dimension of Artinian algebras under excellent extensions. This paper is organized as follows.
In Section 2, we give some notations in our terminology and some preliminary results which are often used in this paper; in particular, we introduce the notion of weak excellent extensions of rings as a generalization of that of the excellent extensions of rings.
Recall from [10] that an Artinian algebra Λ is called CM-free if any finitely generated Gorenstein projective Λ-module is projective. Note that CM-free algebras are an extreme case of CM-finite algebras. In Section 3, we prove the following Let Γ be an excellent extension of an Artinian algebra Λ. By the above theorem, we have that the representation dimensions of Λ and Γ are identical provided either of them is at most two. We conjecture that these two representation dimensions are always identical. In Section 4, we prove that the answer to this conjecture is positive when Λ is commutative; that is, we have the following 
Preliminaries
Throughout this paper, all rings are associative rings with identity and all modules are finitely generated right modules unless stated otherwise.
We first introduce the notion of weak excellent extensions of rings as follows. 
(3) Γ Λ is flat and Λ Γ is projective.
Recall from [26, 8] 
Assume that H measures A and σ is a convolution invertible map in Hom 
By Definition 2.1, we have that an excellent extension is a weak excellent extension, but the converse does not hold true in general. For example, if H is a finite-dimensional semisimple Hopf algebra over a field K and A is a twisted H -module algebra, then for any cocycle σ ∈ Hom K (H ⊗ H, A), the crossed product algebra A # σ H is a weak excellent extension of A, but not an excellent extension of A in general [11] . 
Let Λ be a ring and mod Λ the subcategory of finitely generated right Λ-modules. We denote by gl.dim Λ the global dimension of Λ. For a module M ∈ mod Λ, we denote by pd M Λ the projective dimension of M. [29, Theorem 1.4] , [23, Theorem 3] .) Let Γ Λ be an excellent extension and M ∈ mod Γ . Then we have:
Lemma 2.4. (See
Let Λ be a left and right Noetherian ring, and let M ∈ mod Λ and 
lowing the terminology of Enochs and Jenda, a module having Gorenstein dimension zero is called Gorenstein projective [12] . The Gorenstein projective dimension
Gorenstein projective for any 0 i n} (see [3] and [13] ). Also recall that the fini-
The following result was proved in [32, Lemma 4.4] for the case of Artinian algebras. The proof there remains valid in our setting.
Lemma 2.5. For a left and right Noetherian ring
0 is exact in C. We say that an exact sequence: 0
is exact in C [4] . We denote by add M Λ the full subcategory of mod Λ consisting of all modules isomorphic to direct summands of finite direct sums of copies of M, and denote by Gen M Λ the full subcategory of mod Λ consisting of all modules X such that there exists an epimorphism Then for any n 3, the following statements are equivalent.
By a similar argument to that of [13 
CM-finite and CM-free algebras
In this section, all rings are left and right Noetherian rings unless stated otherwise. We begin with the following easy observation.
Lemma 3.1. Let Γ Λ be a ring extension. Then we have: 
On the other hand, the flatness of Λ Γ induces the following sequence:
Γ ) (by the adjoint isomorphism theorem).
Then by applying Hom Γ (−, Γ ) to (2), we get the following commutative diagram with exact arrows:
Similarly, we have Ext
Similarly, we get that Ext
If Gpd M Λ = n 1, then there exists an exact sequence:
in mod Λ with G i Gorenstein projective for any 0 i n. Since Λ Γ is flat, we get the following exact sequence:
Let α : Λ → Γ be a homomorphism of rings. We recall the following facts.
(1) A right (resp. left) Γ -module H has a right (resp. left) Λ-module structure via xλ = xα(λ) (resp. λx = α(λ)x) for any x ∈ H and λ ∈ Λ.
(2) Given a (Γ, Λ)-bimodule Γ M Λ (it can be viewed as a (Λ, Λ)-bimodule by (1)) and a right
This right Λ-module structure can be induced equivalently
Proof. Let Γ Λ be a weak excellent extension. By Lemma 2.3, we have 
Proof. By Proposition 3.2, it suffices to prove Gpd
By the definition of weak excellent extensions, it is easy to prove the following 
(2) The proof is similar to that of (1), but for the sake of completeness, we also give it.
Let Λ be CM-finite. Then there exists a module E ∈ mod Λ such that GP(Λ) = add E Λ . It suffices to prove that GP(Γ ) = add(E ⊗ Λ Γ ) Γ . By Proposition 3.2, add(E ⊗ Λ Γ ) Γ ⊆ GP(Γ ). Let M ∈ mod Γ be indecomposable Gorenstein projective. By Proposition 3.3, we have that M Λ is Gorenstein projective.
Furthermore, if Γ Λ is an excellent extension and Γ is CM-finite, then there exists a module (H ⊗ H, A) , A is of finite representation type (resp.
CM-finite, CM-free) if and only if so is A # σ H.
Proof. The necessity follows from Theorems 3.8 and 3.7. Conversely, if A # σ H is of finite representation type (resp. CM-finite, CM-free), then so is (A # σ H) # H also by Theorems 3.8 and 3.7, where H = Hom K (H, K ) . Notice that H is a semisimple Hopf algebra, so by the Blattner-Montgomery duality theorem (see [24, Section 9.4 
On the other hand, it is not difficult to prove that the representation type (resp. CM-finiteness, CM-freeness) of algebras is invariant under Morita equivalences. Then the assertion follows. 2
Note that Li and Zhang showed in [21, Corollary-Example 1.3] that for an algebraically closed
n of degree two) is a "non-trivial" CM-finite Gorenstein algebra when n =4 or 5. By Theorem 3.8, Lemma 2.4(2) and Proposition 3.6(3), any excellent extension of Λ given above is also a "non-trivial" CM-finite Gorenstein algebra. For example, let F i be a finite separable field extension of K for any i 1 and
CM-finite Gorenstein algebras by Example 2.2(3).
The representation dimension
In this section, Λ is an Artinian algebra. Auslander introduced in [2] the notion of the representation dimension of an Artinian algebra as follows. Let Γ Λ be an excellent extension. Then we have that Λ is semisimple if and only if so is Γ by Lemma 2.4(2), and that rep.dim Λ = rep.dim Γ provided either of them is at most two by Theorem 3.8 (1) . On the other hand, if Λ is hereditary, then Γ is also hereditary by Lemma 2.4(2) and so rep.dim Λ = rep.dim Γ by [2] and Theorem 3.8 (1) . Based on these facts, it is natural to raise the following
As applications of Theorem 3.8 (1) , in this section we will study this conjecture and prove it partially. To compute the representation dimension of an Artinian algebra, we need the following easy observation, which is maybe known. 
in mod A ⊗ K F by Lemma 2.7.
We claim that X ⊗ K F as a right A-module has an (n − 2)-add V A -resolution. Obviously, (3) is in mod A. Let K i = Ker f i for any 0 i n − 2 and K −1 = X ⊗ K F . Then we have exact sequences:
So from the last exact sequence we get the following exact sequence:
for any 0 i n − 2, which induces an exact sequence:
The claim is proved. 
n is exact in mod Γ . Because Γ R is an excellent extension by assumption, R Γ is free. So Y Γ | (Y ⊗ R Γ ) Γ , and hence (M ⊗ R Γ ) Γ is a cogenerator for mod Γ . Thus we get that (M ⊗ R Γ ) Γ is a generator-cogenerator for mod Γ .
Let X ∈ mod Γ be indecomposable. Then by Lemma 2.7, X as an R-module has an (n − 2)-add M Rresolution:
Let K i = Ker f i for any 0 i n − 2 and K −1 = X . Because Γ is a finitely generated free R-module, we have the following exact sequence:
which is exact as right Γ -modules and as R-modules for any 0 i n − 2. On the other hand, we have the following exact sequence:
in mod R, which induces the following exact sequence:
for any 0 i n − 2. By Lemma 2.8, the sequence:
is also exact for any 0 i n − 2, which implies that the following sequence:
is exact. The claim is proved.
Notice that X Γ | (X ⊗ R Γ ) Γ , so X Γ has an (n − 
